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Abstract 

In the framework of a simple quantum field theory describing the decay of a scalar state into 
two (pseudo) scalar ones we study the pole(s) motion(s) of its propagator: besides the expected 
pole on the second Riemann sheet, we find - for a large enough coupling constant - a second, 
additional pole on the first Riemann sheet below threshold, which corresponds to a stable state. 
We then perform a numerical study for a hadronic system in which a scalar particle couples to 
pions. We investigate under which conditions a stable state below the two-pion threshold can 
emerge. In particular, we study the case in which this stable state has a mass of 38 MeV, which 
corresponds to the recently claimed novel scalar state E(38). Moreover, we also show that the 
resonance /o(500) and the stable state E(38) could be two different manifestation of the same 
'object'. Finally, we also estimate the order of magnitude of its coupling to photons. 

In this Letter we study the propagator, its poles, and the spectral function of a scalar state S which 
interacts with a (pseudo)scalar field ip as described in the following Lagrangian [IJ[2]: 
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The propagator of the field S is dressed by loops of (^-particles. The contribution of one loop is 
evaluated using the standard Feynman rules, 
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where the function (f>(q) has been introduced to regularize the integral. (Formally, it can be included 
at the Lagrangian level by rendering it nonlocal, see Ref. [3] and refs. therein). Here we adopt the 
choice <j){q) = 0(q 2 ) = (l + q 2 /A 2 ) [2], where A sets the energy scale at which the loop contribution 
gets suppressed. It should be stressed that the precise form of the cutoff function affects the results 
only marginally, as long as it falls off sufficiently fast to guarantee convergence. 

Upon resummation of the one-loop contributions, the propagator of S takes the form 
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The spectral function of the state S is obtained as the imaginary part of the propagator as [2J |H [5] 
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As a consequence of the Kallen-Lehmann representation, the normalization ds(x)dx = 1 holds. 
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We first describe the general qualitative features of our results, which are independent on numerical 
details. We assume that the (bare) mass Mq lies well above the threshold 2m, thus implying that the 
decay into ip(p is kinematically allowed. As soon as the coupling constant g does not vanish, the 
propagator ([3]) is a multivalued analytic function for the complex variable z = \pp^ . The resonance 
corresponding to the field S is related to a pole on the (unphysical) second Riemann sheet. We denote 
this pole as 

zu = M po i e — iT po i e /2 , (5) 

where M po i e is usually referred to as the pole mass of the resonance S. 

Clearly, for g — »• one has M po i e — ► M and T po i e — > 0. When varying the coupling constant g a 
trajectory in the complex plane is generated, see the dashed line in Fig. 1 for a numerical example 
and the discussion below. Note, for small values of g the decay width T po i e obtained from Eq. (|S|) is 
reproduced very well by the tree-level result Tsip V (M po i e ), where the tree- level decay function Ts vv (x) 

reads Ts w (x) — ^ X J^ X 2 " ~(v / 2g) 2 ^ 2 (x 2 /4 — m 2 ). In this regime the spectral function ds{x) is well 
approximated by a Breit-Wigner function, see Fig. 2 (solid curve) for a typical Breit-Wigner shaped 
resonance. However, for increasing coupling (even sizable) distortions arise [2,. Note, departures from 
Breit-Wigner also imply a non-exponential decay when the time evolution of the unstable state is 
studied [6]. This is the quantum field theoretical counterpart of a general quantum phenomenon, see 
for example Refs. EJ. 

Besides the pole ([5]), other poles may exist on the II- Riemann sheet, which however have practically 
no influence on the determination of the properties of the resonance S. Interestingly, for moderate 
values of the coupling constant g there is a pole on the real axis below threshold. This pole, although 
not important for the phenomenology of the resonance, moves for increasing g along the real axis 
towards the threshold value 2m. Then, for the coupling constant g exceeding a critical value <?*, 
this pole disappears from the II-Ricmann sheet, but appears on the real axis below threshold on the 
I- Riemann sheet. We denote this newly emerged pole on the first sheet as 

z\ = M — ie with M < 2m (for g > g* only). (6) 

The pole z\ changes considerably the physical properties of the system: namely, it corresponds to a 
stable state below threshold. Thus, for g > g„ there are two relevant poles on the Riemann manifold: 
the standard resonance pole on the second sheet of Eq. ([5]) and the additional 'stable state' pole from 
Eq. © on the first sheet. The spectral function in the presence of the additional pole below threshold 
takes the form 

d s {x) = Z5(x-M) + d a . t .(x) , (7) 

where d a t . (x) (a.t. stands for above threshold) vanishes for x < 2m. The quantity Z is nonzero for 
g > g* and its explicit form is given by 
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The full spectral function ds(x) is still normalized to 1, implying that Z + d a , t .{x)dx = 1. 

The emergence of additional poles was described in the literature (usually connected to light scalar 
mesons), e.g. Refs. [TU1 [TTJ [12l [13] . As described in detail in Ref. [13], besides a massive 'seed' pole, a 
second pole on the second Riemann sheet with a smaller real part exists. The movement of this pole in 
the complex plane is peculiar: for small values of (their) coupling constant, its imaginary part is very 
large. Then, by increasing the coupling, both the imaginary and the real part of this additional pole 
become smaller. Eventually, for a coupling large enough, a stable state below threshold is obtained. 
It should be stressed that the pole we obtain out of our Lagrangian ([1]) has very different properties: 
namely, as described above, it is situated on the real axis of the second sheet for small and intermediate 
values of the coupling, then vanishes for a coupling large enough by slipping into the branch cut and 
appears on the real axis of the first sheet. 
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Figure 1: The trajectory (dashed line) of the second-sheet pole Z\\ (Eq. ([5])) obtained by varying the 
coupling constant g is shown for the numerical values in Eq. ([9]). For some examples (white markers 
along the dashed line) the value of g is reported. When existent, we have also shown - using the same 
form of the markers - the first-sheet pole z\ (Eq. ([6])) lying on the real axis below threshold. For 
instance, in the case g = gs the pole z\ corresponds to a stable state with the mass M = 38 MeV. 



We now turn to some numerical calculations in order to show some explicit examples of the described 
properties. For illustrative purposes we use the following numerical values, which are typical in hadronic 
theories [14] : 

M = 1 GeV , A = 1.5 GeV ,m = m»o = 0.135 GeV . (9) 

Thus, the threshold 2m corresponds to the minimal energy threshold of QCD, namely that of two 
pions. Note, the choice of Mq = 1 GeV in Eq. ([§]) is not linked to a resonance listed in the Particle 
Data Group (PDG) [TS]- It corresponds to a hypothetical resonance with a mass of about 1 GeV 
which couples strongly to pions. This resonance is supposed to be a hadronic state made of quarks 
and gluons (eventually a broad tetraquark state), but in the present framework it serves just as a tool 
to test our approach. 

When varying the value of the coupling constant g from small to large values, the position of the 
resonance pole z\\ defines a trajectory on the II-Riemann sheet, which is depicted in Fig. 1 (dashed 
line). Moreover, for g > g* = 3.739 GeV the first-sheet (alias bound-state) pole z\ — M — is is also 
present and its position for some values of g is shown. 

In particular, we have shown in Fig. 1 also the case g — gE — 4.877 GeV > g» for which the mass of 
the stable state on the first sheet reads z\ = M — ie = (38 — is) MeV. Quite interestingly, in Ref. [16] E. 
van Beveren and G. Rupp discuss the possible existence of a new boson with a mass of 38 MeV, called 
£(38), by a reanalysis of BABAR data QU for the process e+e" T(l, 2 3 S'i)7r+7r- ->■ l+l-^+n- 
where T stands for a bottonium state and / for a lepton. Namely, they argue that a light bosonic 
state with a mass of 38 MeV is emitted from the decay of the bottonium, resulting in a missing mass 
for the process described above. This hypothetical boson with a mass of 38 MeV then further decays 
into photons. In Ref. [18] the same authors discuss the data of the COMPASS experiment [19], which 
allegedly add evidence in favour of the existence of E(38) and confirms the decay E(38) — > 77. This 
results has been disputed in a comment by the COMPASS collaboration [20]; later on, E. van Beveren 
and G. Rupp replied to the comment [21]. Recently, experimental results from the JINR Nuclotron 
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Figure 2: The spectral function of the state S for two different values of the coupling constant is 
shown for the numerical values in Eq. ©. The solid (blue) curve corresponds to g = 1.5 GeV: the 
second-sheet pole is z\\ = (0.985 — i0.038) GeV. A typical Breit-Wigner form is visible. The dashed 
(red) curve corresponds to g = gE, for which the second-sheet pole zn = (1.096 — «0.472) GeV lies 
deep in the lower half plane. Being gE > g*, there is also the firs-sheet pole z\ = (0.038 — is) GeV. 
The spectral function shows a stable <5-peak for 0.038 GeV and a broad enhancement above threshold. 



from DUBNA claiming the verification of the existence of the E(38) state has been reported in Ref. 
[22], in which (utterly different) nuclear reactions involving two photons in the final state have been 
studied. 

It should be stressed that the issue about the existence of £(38) is under discussion and confirmation 
is needed; nevertheless, due to the fact that within our simple quantum field theoretical approach we 
can naturally accommodate a pole below threshold, it is amusing and interesting to investigate this 
numerical example in more details. We thus show in Fig. 2 the spectral function of the state S for 
two values of g. For the small value g — 1.5 GeV there is no pole on the first Riemann sheet and the 
spectral function has a typical 70 MeV broad Breit-Wigner form centered at about M = 1 GeV. For 
the case g = gE the pole z\ on the first sheet is present. The spectral function has the form of Eq. 
<[7|) with Z — 0.28. Below threshold there is a <5-type peak for M = 38 MeV, above threshold there is 
a very broad and flat enhancement centered at about 1 GeV. It is clear that such a structure would 
be very hard to detect: its influence on ipip (alias pion-pion) scattering is expected to be very small, 
thus also explaining why this hypothetical broad state could not be observed experimentally. Indeed, 
the coupling of S to pions is large but not unrealistic: g^ = j^/vo = 2.816 GeV, where v3 takes into 
account isospin symmetry, not included in our Lagrangian. A possibility could be a broad tetraquark 
state, for which the coupling constant is of the same order [23 | 124 ) . 

A quite interesting and remarkable result follows when testing other values for Mq. Namely, one 
of the most famous mesonic resonance is the lightest scalar meson /o(500). In the new version of the 
PDG the pole of this resonance is estimated as (0.40-0.55) — i(0.20-0.35) GeV [15] . It is then natural 
to ask if we could assign the /o(500) resonance to our state S and at the same time describe the stable 
state £7(38). Indeed, by simply changing the mass to M = 0.45 GeV we obtain the first-sheet pole 
zi = (0.038 - is) GeV for g = g E = 2.189 GeV. The second-sheet pole reads z u = (0.427 - i0.371) 
GeV, which is remarkably close to the range given above. We summarize the results of this study in 
Fig. 3, in which both the z\\ pole trajectory and the spectral function for g — gE are shown. It is 
therefore conceptually possible to link the states /o(500) and £7(38). It is worth to mention that there 
are indeed phenomenological models in which the state /o(500) is interpreted as a tetraquark state and 
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Figure 3: Left: z\\ pole trajectory for Mo = 0.45 GeV. The critical value is here given by g* = 1.399 
GeV. For g — gE = 2.189 GeV the first-sheet pole z\ = (0.038 — ie) GeV is obtained. In the shadowed 
rectangular the ranges of the PDG estimate for the Jo (500) pole is reported: it is visible that the 
z\\ pole (white square) lies very close to it. Right: spectral function ds(x) for the same numerical 
values. Here Z = 0.68, showing that the pole below threshold gives the dominant contribution to the 
spectral function. 



which reduce to a Lagrangian of the type ([T]) when only the pion-pion channel is studied [23] . Surely, 
more advanced investigations in this direction should go beyond our simple model, test different cutoff 
functions and take into account other interaction forms, such as the inclusion of derivatives [25]. Most 
important, one should also include chiral symmetry. Nevertheless the possibility to describe /o(500) 
and £'(38) in an unified framework is intriguing. 

As a last subject of this work we describe the coupling to photons. To this end we add to the 
Lagrangian the following interaction term: 

— c^~ySF^i>F^ (10) 

where F^ v — d^A v — d u A^ and is the photon field. The tree-level decay width (as function of the 
running mass x) reads Ts->-- n (x) — c 77 a; 3 /47r. Now, c 77 is surely not zero because S, being made of 
quarks, can couple also to photons. However, its precise value is unknown. Usually, the typical order 
of magnitude for 77 decays of mesonic states amounts to some keV. 

For g > g* there is, as described above, a (hadronic) stable state below threshold. This state 
can however decay into photons. In order to evaluate the 77 decay width the redefinition S — > yZS 
is necessary to guarantee the correct residuum of the propagator. Referring for example to the case 
g = gE with zj = (0.038 — ie) GeV we find for the numerical values of Eq. ([9]): 

M 3 ( M \ 3 

r £( 38)^ 77 = Zc 2 ^— = z I — 1 r s ^ 77 (Af = 1 Gov) = 1.55 • 10- 5 r s ^ 77 (Af = 1 Gov) . (11) 

Assuming that rs_j. 77 (Mo = 1 GeV) is of the order of 10 keV, we obtain that 

r B(38) ^ 77 ~ 10- 4 keV , (12) 

which is a very small value. If, instead, we study the case of Mq = 0.45 GeV and g = gs = 2.189 
GeV we obtain r^( 3 g)^ 77 = 4.1 • 10 _4 r^ o ( 5 oo)->. 77 . Using the value rj ( 50 o)-^ 77 — 1 keV (see the list 
of results in [15]) one gets r E ( 38 )^ 77 ~ 4.1 • 10~ 4 keV, which is similar to the previous estimate. 

In conclusions, we have presented a simple quantum field theoretical model involving scalar particles 
and studied the poles in the first and second Riemann sheet. We have shown that for a coupling 
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constant large enough one obtains, in addition to the standard resonance pole on the second sheet, 
also a pole below threshold on the first sheet. The latter corresponds then to an emergent stable 
state. We have studied this system using the numerical values typical for a hadronic system and have 
shown that the appearance of the additional stable state is realistic (Fig. 1 and 2). In particular, we 
have studied the case in which a hadronic stable resonance with a mass of 38 MeV is realized: this 
is interesting in view of recent claims of the existence of such a state, called £'(38). Indeed, it is also 
possible that the £(38) and the resonance /o(500) (alias a) are two manifestations of the same object 
(Fig. 3). In the end, we have explored the decay of £(38) into two photons. The present theoretical 
description of the putative £(38) state is very different from the one put forward in Refs. [TBI [TBI [26] . 
Thus, our analysis offers a new point of view which may help in the process of falsification of what 
this state, if existent, is or is not. 
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